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Abstract

Finite difference methods for solving problems of time-harmonic
acoustics are developed and analyzed. Multi-dimensional inhomoge-
neous problems with variable, possibly discontinuous, coefficients are
considered, accounting for the effects of employing non-uniform grids.
A weighted-average representation is less sensitive to transition in
wave resolution (due to variable wave numbers or non-uniform grids)
than the standard pointwise representation. Further enhancement in
method performance is obtained by basing the stencils on generaliza-
tions of Padé approximation, or generalized definitions of the deriva-
tive, reducing spurious dispersion, anisotropy and reflection, and by
improving the representation of source terms. The resulting schemes
have fourth-order accurate local truncation error on uniform grids and
third order in the non-uniform case. Guidelines for discretization per-
taining to grid orientation and resolution are presented.
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1 Introduction

Boundary-value problems governed by the Helmholtz equation model propa-
gation and evanescence of time-harmonic waves, describing a variety of physi-
cal phenomena, including acoustic, elastic and electromagnetic waves. When
the wavelength is of the same order as characteristic length scales asymptotic
methods usually cannot be employed and standard numerical methods such
as boundary element, finite element or finite difference methods are often
required.

Finite difference methods are a prevalent computational technique that
applies to variable coefficient as well as nonlinear problems. A general frame-
work for deriving higher-order finite difference schemes was proposed by
Lynch and Rice for ordinary differential equations [1} and elliptic partial
differential equations [2], and applied to the Helmholtz equation [3]. The
coefficients of the stencil in this method are computed by solving a local sys-
tem of equations so that it is exact on a given space of polynomials. This is
repeated at every gird point at which the solution is unknown, contributing
to the cost of computation. Accuracy is further enhanced by judiciously se-
lecting the points at which source terms are evaluated and computing their
coefficients in the same way.

A family of finite difference schemes with improved representation of a
range of wave numbers is presented and analyzed in [4]. Tam and Webb [5]
optimize the dispersion properties of higher-order finite difference discretiza-
tion of the linearized Euler equations. In this approach the order of accuracy
of a stencil is allowed to drop, freeing a parameter that is then designed to
improve dispersion response.

Finite difference equations can be obtained by replacing the limit that
defines the derivative with a finite counterpart. The familiar definition of
the derivative may be generalized by introducing a resolution-dependent pa-
rameter leading to improved performance of the discrete methods. Aslong as
the limit behavior is unaltered consistency of the approximation is retained.
This idea was introduced by Mickens and employed as a means of generat-
ing stable finite difference schemes on uniform grids for several differential
equations in one spatial dimension ([6, 7] and references therein). Similar
discrete equations are obtained by new classes of finite element methods for
a variety of applications, including wave propagation (e.g., [8] and references
therein). It should be noted that analysis of the computation of waves [9]



indicates that accuracy depends not only on the product of wave number
and grid size (related to resolution), but also on product of other powers of
these quantities.

In this work we apply generalizations of the definition of the derivative and
of Padé approximation, to finite difference stencils for the Helmholtz equa-
tion in order to obtain improved dispersion behavior. Contrary to HODIE
methods, the coefficients are obtained explicitly. Multi-dimensional inhomo-
geneous problems with variable, possibly discontinuous, coefficients are con-
sidered, accounting for the effects of employing non-uniform grids. Several
finite difference stencils in one and two dimensions are presented in Sec. 2.
The analysis of the numerical methods gradually builds up to the general
case. Performance of the various formulations for homogeneous problems
with constant coefficients on uniform grids is examined by dispersion anal-
ysis in Sec. 3. This tool is employed to define the resolution-dependent
parameter for improved performance. In Sec. 4 the effect of the direction
of wave propagation relative to grid lines is accounted for. The effects of
non-uniform grids and discontinuities in physical properties are investigated
in Sec. 5. Standard finite difference methods are often not well-suited for
interface problems (see, e.g., [10, pp. 17-21]). However, appropriate repre-
sentation preserves the order of accuracy of the continuous-coefficient, and
even constant-coeflicient case. (Issues related to curved interfaces, as well as
curved domain boundaries are not treated herein.) The results of these anal-
yses are corroborated by means of local truncation error analysis in Sec. 6,
accounting also for the effects of source terms. Numerical testing of these
stencils will be performed in future work.

2 Discrete Formulations

The Helmholtz equation is
AG+ K+ [ =0 (1)

where k = w/cp is the wave number, w is the angular frequency and ¢ is the
speed of sound, and f is a given source distribution. Although not explicitly
addressed in the following, the case of k2 < 0 which corresponds to evanescent
waves or singular diffusion problems is also covered. An inhomogeneous
medium is represented by spatial variations in k(z).
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2.1 One dimension

Consider a uniform grid of size h with points at z; = jh. A typical start-
ing point is based on the standard finite difference stencil for the second

derivative 5 2% 5

and pointwise (PT) representation of undifferentiated terms

(2)

Do + K2¢;+ f;=10 (3)

where ¢, is the discrete solution at point j and f; = f(z;). On a non-uniform
grid this generalizes to

41— ¢ ¢y — i) [RT AR,
(fnzt_fotm) [EAE o afm0 @

where A~ and h* are the grid size before and after point j, respectively. For
a discontinuity in physical properties at point j the stencil becomes

$ini —¢; b — i) [hH AR (RF)?hY 4 (KT)hT
ht h- 2 h* + h-

¢+ S =0 (5)

where k= and k* are the wave numbers before and after point j, respec-
tively. These may be also considered as piecewise-constant approximations
of variable coefficients.

The undifferentiated terms may be represented by a weighted average
(WA) suggested by linear finite elements (with piecewise linear approximation
of the source distribution, see, e.g., [11, pp. 45-46])

+4¢; + ¢4 n fivn +4f+ fia

$j+1
Drx ) 27

-0 (6)

This scheme has the same asymptotic behavior as the pointwise representa-
tion, but improvement in performance on coarse grids is evident (see Sec. 3).
For variable coefficients this becomes

(k*@) 41 + 4(K20); + (K*9); 1 N fimi 41+ fia
6 6

where (k%¢); = k*(z;)¢;.



On a non-uniform grid the appropriate weighting is

b1 =8 ¢ =B\ JRT 4R N
ht h= 2

k2 ht h~
- <—I‘__(¢j+1 +2¢;) + ———(2¢, + ¢j-1)) +

3 \ht+nh ht +h

(e Ui 1204 2+ ) = 0 (9
3 h+ + h- i+ J + 4 h- 3T -1 -

Superior performance on non-uniform grids (see Sec. 5) is attained with no
increase in the number of points in the stencil. For a discontinuity in physical
properties at point j the stencil becomes

i1 — & _ ¢; — b1 h* + A~ n
ht h— 2

k=)2h~
01+ 205) + %—}Fw +)) +

(k+)2h+
ht + h-

1 ht h
5 (m(fjﬂ + Zf.]) (ij +f] 1)) =0 (9)

Again, this may also be considered as a piecewise-constant approximation of
the case of variable coefficients.

Performance of finite difference schemes for the Helmholtz equation may
be enhanced by basing the stencils on more general definitions of the deriva-

tive
d¢ .. ¢z +h)— ¢(x)
Pl L RTTAAY)

(10)

where, for consistency

lim g =1 (11)

kh—0
This definition depends on kh, an indication of wave resolution by the grid.
For the Laplacian this reduces to the standard definition for grids of any size.
This generalization of the derivative definition may be applied for either
the first or second derivatives, or to both. On uniform grids all are equivalent.
Since the parameter depends on the grid size it is applicable to non-uniform
grids as well. Superior performance on non-uniform grids is obtained by



applying this concept to the second derivative alone (see Sec. 5). For the
uniform case this reduces to

i1 — 205 + ¢ LR i1+ 405 + b5 N fiv1 +4f+ fia
Bh? 6 6

-0 (12)

The resolution-dependent parameter (3 is defined to improve method per-
formance. For example, the parameter may be defined to eliminate numerical
dispersion

6 1 —cos(kh) .
(kh)? 2 + cos(kh) (13)

so that in simplified settings the phase is exact (EP), resulting in no trunca-
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tion error under some circumstances. This definition satisfies the consistency
requirement (11). In such cases the representation of source terms, which is
exact for piecewise linear variation, is no longer sufficiently accurate. A
modification of the representation of source terms that does not degrade the
higher-order accuracy of such schemes, similar to that employed by HODIE
methods [2], is

¢j+1 - ;92324- ij—l 4 L2 ¢j+1 + 4253 + QSJ—I + fj+1/'2 + ];J + fj—l/‘l =0 (14)

(suggested by linear finite elements with piecewise quadratic approximation

of the source distribution) where f;i1/, is the load term evaluated at the

midpoint. For a piecewise linear source distribution this is identical to (12).
One possibility of the parameter

12

b= 2 (kny (15)

yields high-order representation

Y div1 + 1005 + ¢ N finnp+ fi+ ficip

Da:a: )
93 12 3

-0 (16)

(HO). This stencil (without the modification in the representation of source
terms) may also be derived by employing Padé approximation

Dze

:L—hfz/l—.Zl)—”¢j+k2¢j+fj:0 (17)
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(see, e.g., [12, p. 538]).

This concept, in its original form, which may be viewed as an average of
the pointwise and weighted-average representations of the undifferentiated
term [13], provides high-order performance on uniform grids, but severely
degrades in the non-uniform case. However, an appropriate generalization to
non-uniform grids, based on the concept of generalizing the derivative defi-
nition, leads to improved performance in the general case as well (see Secs. 5
and 6). Allowing discontinuities in physical coefficients and accounting for
non-uniform grids the proposed scheme is

(¢j+1 — ¢ ¢ — ¢j-1) /ﬂ+h+ + B~ h~
_ ; n

ht h-

L (R)2B*Rt _ (k=)?8~h~ L
3 (m(%ﬂ +2¢;) + m(%; + %—1)) + (18)

1 Btht B~h~ _
5(mﬂfﬁvﬁfﬁ“m”j”’f‘“)) -

where g% = g(kTh*).

2.2 Two dimensions

Consider a two-dimensional uniform grid of size h with points at z; = 1A
and y; = jh. For simplicity we consider the homogeneous case. A typical
starting point is the five-point representation

Dz‘x¢i,j + Dyy¢i,j + k2¢i,j =
Giv1y —20i; 4+ bic1; | Pijy1 — 2605 + bij
+1,7 hzj J + J+ hzj J + k2¢i,j = 0 (19)

which is the two-dimensional analog of (3). Non-uniform grids and material
discontinuities may be accounted for by generalizations of (4) and (5).

The two-dimensional counterpart of the idea that leads to (6), obtained
by employing bilinear finite elements, is a nine-point representation

Git1,5-1 + 2¢iv1,; + bigr 41 — 8 + iy g + 20i1; + iz 41

72 +
Gi1,y41 1 26 jy1 + digrj41 — 8di; + Gi1jo1 + 2¢i -1 + dig15 +
h2



k?
€(¢i+1,]’+1 + 4¢pipr; +4di i1 + divr1 + 160 5+ (20)

bict o1 T 401 +46im1; + i) = 0

leading to a significant reduction in spurious anisotropy (see Sec. 4). HODIE
methods [2] also employ nine-point stencils in two dimensions. The band-
width of the ensuing linear algebra problem is typically slightly larger but
the difference in the cost of computation is insignificant.

Performance can again be improved by substituting 3h for h as in the one-
dimensional case (14), based on the same definitions (13) and (15), although
the methods are higher order only for propagation along grid lines.

In order to maintain higher-order performance on uniform grids in two
dimensions in all directions of propagation, the Padé approximation concept
is employed. The two-dimensional counterpart of (17) is

Do

Dyy 2
7] 12 d)i,j +k ¢i,j =0 (21)
1+ % D, D

&i; +
1+ﬁ yy

This may be generalized to

h? h?
(1 + = Dyy) Dxxd’i,j + (1 + 1_‘ sz) Dyy¢i,J+

12 2
, h2 h
k 1 + E(Dxx + Dyy) + ’)’m Dm;Dyy ¢i,j = 0 (22)

where ~ is selected to further improve properties in directions other than
along grid lines, without effecting dispersion along grid lines and without
degrading higher-order behavior in all directions.

The standard Padé approximation is obtained by selecting v = 1 which
yields the scheme

B2
(D:m: + Dyy + g Dl-szy> d)i,j+
L2
Té‘(¢i+1,j+l + 10¢i41,; + 10¢; j11 + Pix1,j—1 + 1009 ;+ (23)

bic1 o1 + 100 ;o1 + 106i1; + i1 j-1) = 0



where

h2
(Dzz + Dyy + - szDyy) (;bi.j =

6
Piv1,5-1 1 80it1; + dipr 41 — 2005 + iy 1 + 8di—1,; + Gic1 41 +
12
Gi-1,5+1 +80is41 + div1 01 — 2065 + i1 + 8i i1 + isr 1 (24)
12

Neglecting higher-order terms in the Padé approximation by selecting v = 0
leads to the slightly simplified stencil presented in [12, p. 542]

B2
(Dx:c + Dyy + F szDyy) ¢i,j+

K (bivr; + bijar +8¢i; + dijoy + $i-1y;) = 0 (25)
The computational cost is essentially unaffected since the bandwidth of the

algebraic equations is identical. Another alternative presented in [12, p. 542]
18

h2
(Dxr + Dyy + E‘ DzrDyy> ¢i,j+
2

——(Bit1 41 +4bigrj + 44 + bigr 1 + 52¢; ;+ (26)
6
Picijtr H4di i1 F 4yt i) = 0

obtained by selecting v = 2.
Other values for v lead to other alternatives. In Sec. 4 it is seen that
selecting v = 2/5, which leads to the stencil

h2
(sz‘ + Dyy + E Deryy) ¢i,j+
2

%(¢i+l,j+l + 280i41,; + 286 j41 + ipr o1 + 2446+ (27)
bicrj41 + 28050+ 28¢i0; + i) = 0

minimizes dispersion along the diagonals. On the other hand, reducing sen-
sitivity of the scheme to direction of propagation is attained by the choice of
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v = 14/5, which yields the stencil

h2
(Dzz + Dyy + '6‘ Da:rDyy> (Zsz',j‘*‘

2
i (Tdir1 i1 + 166015 + 166: 511 + Tdirr ;1 + 2686+ (28)
30

Thi_1i41 + 160,17 +16¢;1; + Tdicy ;-1) = 0

All these alternatives reduce to (HO) in one dimension. Thus the dispersion
analysis for (HO) in Sec. 3 describes the dispersion of all alternatives along
grid lines. In Sec. 4 the performance of various alternatives in other directions
is compared.

3 Spurious Dispersion

A homogeneous, isotropic continuum is non-dispersive. Waves travel at a
phase velocity

w ,
Cp = z = Cy (29)
and energy propagates at the group velocity
Ow .
€g 1= 5 = Co (30)

and so both are identical.

For the discrete representation this is usually no longer the case. Each
stencil can be characterized by an approximate wave number k" = k"(kh),
which depends on wave resolution and thus accounts for numerical dispersion.
The phase velocity in the discrete case is

w k )
and the numerical group velocity is
Jw
h
G = G
_ ow ok
Ok Okt

kM !
= (E) Co (32)
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On a uniform grid in one dimension a numerical solution in the form of
a plane wave is

6; = exp(ik"hy (33)

PT For point j the pointwise representation (3) of the plane wave solution
yields

0 = exp(ik"h) — (2 (kR)?) + 1/ exp(ik"h)
= 2cos(k"h) — (2 — (kh)?) (34)
leading to the dispersion relation
k*h = arccos (1 — (kh)?/2) (35)
In one dimension the number of grid points in a wave is
G =27 /(kh) (36)

The discrete solution represents propagation in the range kh < 2 which
corresponds to a limit of approximately three grid points per wave-
length. Within this range the numerical phase velocity is thus

c;/co = kh/ arccos (1 - (kh)2/2) (37)
and the numerical group velocity is
cg/co =/1—(kh)?/4 (38)
Both are slower than the speed of sound in the material ¢;.

WA Similarly, for the weighted-average representation (6) the dispersion

relation is (kh)z/
hy 1-— 3
k"h = arccos (——1 T (RR)E/6 (39)

representing propagation in the range kh < /12, a limit of approxi-
mately two grid points per wavelength. Within this range the numerical
phase velocity is obtained directly from the dispersion relation and the
numerical group velocity is

chfco = /1= (kh)2/12 (1 + (kh)?/6) (40)

Both are faster than the speed of sound in the material.

10



EP The resolution-dependent parameter 8 may be defined so that discrete
representations are non-dispersive (13) as is the case for the continuum.
In one dimension this formulation has zero local truncation error for
the homogeneous, constant coefficient case on uniform grids, and the
phase and group velocities are exact. Careful generalization leads to
improved performance on general configurations.

HO The higher-order representation (15) is an approximation of the exact
phase definition (13) on uniform grids. The resulting higher-order dis-
persion relation

(41)

k"h = arccos (1 =9 (kh,)2/12>

1+ (kh)*/12
is a (1,1) Padé approximation, representing propagation in the range
kh < /6, a limit of approximately 2 1/2 grid points per wavelength.

Within this range the numerical phase velocity is again obtained di-
rectly from the dispersion relation and the numerical group velocity

chfco = \/1 = (kh)2/6 (1 + (kh)*/12) (42)

Both are slower than the speed of sound in the material. The power

18

series expansion of the dispersion relation

kR (kh)T
Kb =k} ( > kh 43
VAR T T 12006 S (43)

demonstrates the higher-order nature of this representation.

Dispersion of the various formulations is plotted in Fig. 1. Note that the
region of primary interest is G > 4, a resolution of at least four grid points
per wavelength. Within this region the errors in the pointwise and weighted-
average representations are similar, and the asymptotic behavior is the same
(see Sec. 6). However, even approaching the limit of resolution, and certainly
beyond it, the weighted-average performance is superior. For example, at
the limit of resolution (G = 4) there is a 38% error in the group velocity for
the pointwise representation, whereas in the weighted-average representation
the error is only 26%. The higher-order method offers significantly superior
representation, an error of only 7% in group velocity at G = 4, and the
exact-phase method provides dispersion-free solutions.

11
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Figure 1: Phase and group velocities of one-dimensionai discrete formula-
tions.
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4 Spurious Anisotropy

On the uniform grid in two dimensions a numerical solution in the form of a
plane wave oriented at angle 8 to the grid lines is

éi; = exp(ik™h cos 0)* exp(ikfhsin 0) (44)

PT For point i, j the pointwise representation (19) of the plane wave solution
yields

0 = exp(ik™hsind) + exp(ik™hcosf) — (4 — (lch)'z) +
1/ exp(ik"hcos 8) + 1/ exp(ik"hsin6)
= 2 (cos(khh cos 0) + cos(k™hsin 9)) — (4 - (l\'h)z) (45)

leading to various dispersion relations, depending on the angle of orien-
tation §. When the wave is aligned with the grid (e.g., § = 0) this leads
to the one-dimensional dispersion relation (35). The other extreme case
occurs when the wave is oriented in the direction of cell diagonals (e.g.,
f=mn/4)

khh = v/2arccos (1 — (lch)‘z/4) (46)

The discrete solution represents propagation in the range kh < V8.
Within this range the numerical phase velocity is again obtained di-

rectly from the dispersion relation and the numerical group velocity

| cfeg = /1 = (kh)?/8 (47)

Both are slower than the speed of sound in the material. It is interesting
to note that the pointwise representation is more dispersive when waves
are oriented along the grid.

WA Similarly, for the weighted-average representation (21) dispersion rela-
tions are obtained from

4 (6 = (kh)?) — (12 + (kh)?) cos(k*h cos ) cos(k*hsin0)—  (48)
2 (‘3 + (kh)g) (Cos(khh cos 0) + cos(k™h sin 0)) = 0

13



When the wave is aligned with the grid this leads to the known one-
dimensional dispersion relation (39) and for waves parallel to cell diag-
onals Y
1 — 6
k"h = V2 arc —_— 49
farccos(l+(kh)2/12> (19)
representing propagation in the range kh < v/24. Within this range
the numerical phase velocity is obtained directly from the dispersion
relation and the numerical group velocity is

chfeco =1 — (kh)2/24 (1 + (kh)?/12) (50)

Both are faster than the speed of sound in the material. The weighted-
average representation is also more dispersive for waves that are ori-
ented with the grid.

HO Dispersion relations for the higher-order representation with 3 defined
in (15) at various angles of orientation may be found in similar fashion.
For waves aligned with cell diagonals the relation is identical to that of
the pointwise representation at this angle (46), and the same holds for
the wave velocities. This representation is thus higher order only for
waves oriented along grid lines.

Representations that are truly higher order in all directions of propa-
gation are based on (22). For waves aligned with the grid this leads to
the higher-order dispersion relation (41) and along cell diagonals the
relation is

: 61/1 + (1 —v)(kh)*/144 — (4 + (6 — y)(kh)?/12)
ls-,hh:\/zarccos( (12 )

(51)

By examining the power series expansion of this relation

(kh)> | (kR

Kb a kh + (5 — 2
' + 057 = 2560 T h6768

(52)

it is clear that the value of v = 2/5 minimizes dispersion in the direction
of cell diagonals. On the other hand, v = 14/5 minimizes the difference
between the dispersion along grid lines and in the direction of cell

14



diagonals, as seen by comparison to the power series expansion of the
higher-order dispersion relation along grid lines (43). Dispersion in the
direction of cell diagonals for various values of v is plotted in Fig. 2. As
expected, the stencil with 4y = 2/5 is essentially non-dispersive in the
region of primary interest with a resolution of at least four grid points
per wavelength.

The ratio between numerical dispersion along grid lines and along cell
diagonals is shown in Fig. 3. By design, the stencil with 4 = 14/5 is the
least anisotropic in the range of at least four grid points per wavelength.
This is corroborated by the polar plots in Fig. 4, showing the variation
in phase velocity with angle of orientation for various resolutions. Note
that the figure shows (cg/co)‘1 to accentuate deviations from the exact
value of unity. As expected, all the schemes perform identically along
grid lines, but behavior in other directions is determined by the choice of
~. Differences among the various cases become more pronounced with
reduced resolution, but in general are not extreme. The two schemes
that stand out are indeed 4 = 2/5 which minimizes dispersion along
diagonals, and hence overall, and v = 14/5 which reduces anisotropy.

EP The case that is non-dispersive in one dimension (13) may be treated
similarly. In this case there is no dispersion for waves aligned with
the grid and the dispersion relation for waves in the direction of cell

142 cos(kh)
E'h = /2 arccos | 2 ——— 5%
\/_drrcm( 5 T cos(kh) (53)

diagonals 1s

The numerical phase velocity is again obtained directly from the dis-
persion relation and the numerical group velocity is

ﬁ | T4 5cos(kh) (5 + cos(kh) (51)
co 1 + cos(kh) V216 &

This representation is obviously less dispersive for waves that are ori-
ented with the grid.

Dispersion in the direction of cell diagonals of the various formulations
is plotted in Fig. 5. Recall that the region of primary interest is G > 4, a
resolution of at least four grid points per wavelength. Dispersion properties of
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Figure 4: Polar plots of anisotropy in (c;)‘/co)4 of higher-order discrete for-
mulations based on generalized Padé approximation.
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each scheme at arbitrary orientations are bounded on one hand by dispersion
along grid lines shown in Fig. 1, and on the other hand by dispersion along
cell diagonals shown in Fig. 5. Performance of the pointwise and weighted-
average schemes improves the farther the orientation of propagation is from
the direction of grid lines. The same holds for the higher-order schemes of
interest with v = 2/5 and v = 14/5. For the (EP) method the opposite
occurs, so that performance of this scheme is vastly superior along grid lines.
This scheme is higher order only along grid lines, but it still maintains a high
degree of phase accuracy in all orientations.

The resolution-dependent parameter 3 may be defined so that the nu-
merical representation is non-dispersive for waves at any given angle of ori-
entation. For example

g 129 1 —cos (\/Zkh/Z)
—(kR)? 2 4 cos (\/‘Ekh/‘Z) (

eliminates dispersion of waves along cell diagonals. Similar performance was

-
Ut
—

attained in the context of finite element methods [14]. In general, how-
ever, the direction of wave propagation is not known in advance and there
is a concern that defining 3 for any orientation other than along grid lines
may degrade performance on non-uniform grids, as discussed in the follow-
ing section. Furthermore, grids should be aligned with dominant directions
of propagation to the extent possible. For these reasons it is preferred to
maintain dispersion-free discrete solutions along grid lines.

Numerical dispersion is thus sensitive to the orientation of wave propaga-
tion. The two extreme cases are along grid lines shown in Fig. 1, and along
cell diagonals shown in Fig. 5. The largest change in dispersion properties
possible is thus the ratio between the two, shown in Fig. 6. Recall that the
region of primary interest is G > 4, a resolution of at least four grid points per
wavelength. For highly resolved phenomena the performance of all schemes
is similar and quite good. As wave resolution is reduced only the higher-
order schemes (with values of v shown) retain a low level of anisotropy. Of
the other schemes, approaching the limit of resolution and certainly beyond
it, the pointwise method is clearly more sensitive to direction of propaga-
tion. For example, at the limit of resolution (GG = 4), there is 8% anisotropy
in the pointwise representation of phase velocity, whereas the anisotropy of
other methods is at most about half that value. This becomes even more
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pronounced in group velocity.

Figure 7 shows the variation in phase velocity with angle of orientation
of different schemes at various resolutions. For presentation purposes the
figure shows (cf/co)*. Note that the plot for (PT) does not include the case
of G = 3 since this scheme no longer represents propagation at this low
resolution, which, in any event, is outside the region of primary interest of
(' > 4. 1t is clear from these plots that the numerical phase velocity is less
than the speed of sound in the material in all cases shown except for (WA).
Close examination of Fig. 4 indicates that this is true of higher-order methods
only with v > 2/5. With the exception of (EP), all the schemes considered
exhibit superior dispersion behavior along cell diagonals. This would not hold
for higher-order methods with v > 14/5, but there is no apparent motivation
to pursue such methods in the first place. As mentioned, employing (55)
eliminates dispersion along cell diagonals, leading to a version of (EP) with
superior dispersion behavior along diagonals that is similar to other schemes
in this regard.

Overall, high wave resolution or higher-order methods are required if
anisotropy is a concern. Of the methods that are not high order, on grids with
lower resolution, the weighted average representation and its enhancements
are much less anisotropic than the standard pointwise representation.

5 Spurious Reflection and Transmission

Reflected and transmitted waves are generated by incident waves at disconti-
nuities in physical properties. Numerical dispersion of discrete formulations
gives rise to incorrect representation of these phenomena at transitions in
wave resolution.

5.1 Grid transition

In a homogeneous material no reflection should occur. However, changes in
grid size alter wave resolution giving rise to spurious reflection and transmis-
sion due to numerical dispersion, phenomena that may be characterized in
a manner similar to that of waves at discontinuities in physical coefficients.
These phenomena are well known [15], have been carefully analyzed [16] and
numerically demonstrated [17].
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Figure 7: Polar plots of anisotropy in (cg/c(,)4 of two-dimensional discrete

formulations.
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Consider a one-dimensional configuration discretized by a uniform grid
of size h™ to the left of the origin and a uniform grid of size At to its right.
Due to the transition in grid size at the origin, an incident plane wave of unit
magnitude traveling in the positive direction with discrete values given in
(33) for j < 0 generates spurious transmission such that ¢¢ # 1 and spurious
reflection of magnitude ¢o — 1. The numerical solution is thus

b: = exp(ikh—h—)j +_(¢O - 1)/exp(ikh_h—)j, 7<0 (56)
7 | goexp(ikhT AT, j>0

where the dispersion error is represented by the numerical wave numbers
+ .. . .
k"* = k*(kh*), and the transmission error is represented by ¢o. In particular

b1 = doexp(ik™ hY) (57)
d1 = doexp(ik" hT) — 2sin(k* h7) (58)

PT The pointwise representation (4) of this solution at the origin yields

L2 (qs] — (1= (2060, por = (1= (kh-f/z)qso)

ht + h- ht h-

2 (¢0 exp(ik" ht) — cos(k** h*) ¢ N
ht + h- ht

Poexp(ik" h™) — 2isin(A*AT) — Cos(kh_h")é())
h=
21 sin(kh* bt sin(k""h- sin(k* A~
- (( (’;+ )4 m(i_ ))¢o~2——(h_ " )>(59)

where the second line was obtained by the dispersion relation for the
pointwise representation (35). Thus

- 2./1 = (kh-)2/4 0
U= (kR )2 /4 4 /1 = (k)2 /4 (60)

which is valid in the range of resolution in which the pointwise formu-
lation represents propagation (along grid lines).

Po
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WA Similarly, the weighted-average representation (8) of the solution (56)
at the origin leads to spurious transmission

2/1 — (kh=)2/12
J1— (kh=)2/12 4+ /1 — (kh+)?/12

which is valid in the range of resolution in which the weighted-average
formulation represents propagation (along grid lines).

$o =

(61)

HO Transmission for the higher-order representation with the parameter
defined iun (15) is

, 1= (R
¢0 — (1 — (kh—)2/12) (62)
L (kh)2/6 /1 — (kh+)/6
(= (kh-)2/12) © (1 = (kh*)2/12)

which is valid in the range of resolution in which the higher-order for-
mulation represents propagation (along grid lines).

EP The case that is non-dispersive in one dimension (13) may be treated
similarly. In this case the transmission is

_sin(kh™)/h™

B 2 + cos(kh~)
%o = sin(kh=)/h~  sin(kh¥)/h?
2 + cos(kh=) = 2+ cos(kh™)

(63)

which is valid in the range of resolution in which the higher-order for-
mulation represents propagation (along grid lines).

Spurious transmission of the various formulations at different wave resolu-
tions is plotted in Fig. 8. In general the sensitivity to transition in grid size is
higher for coarser grids. The weighted-average representation is significantly
superior to the pointwise scheme on non-uniform grids. The higher-order
and exact-phase formulations offer further improvement.
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5.2 Interface of physical properties

Discontinuities in physical properties give rise to wave reflection and trans-
mission. The relative amplitudes of the reflected and transmitted waves
depend on the ratio of wave numbers, which defines the character of the
discontinuity. The numerical representation of these phenomena by finite
element methods was studied in {18].

Consider a generalization of the previous configuration in which a discon-
tinuity in material properties as well as a jump in grid size may occur at the
origin, so that k= is the wave number to the left of the origin and k*—to
its right. An incident plane wave of unit magnitude traveling in the positive
direction exp(ik~z) for x < 0 generates reflected and transmitted waves, so
that

_ [ exp(ik™x) + (6(0) — 1)/ exp(iktz), 2 <0
o= { iy (©
where o -
00 = 7% (65)

The discrete solution is again (56) where the numerical wave numbers are

kM = kR (kERE).

PT The pointwise representation (5) of the solution at the origin yields

0 = 2 (¢1 — (1 — (k*h*)?*/2)d0 N ¢ — (1 - (k_h_)2/2)¢0>
ht + h- ht h-
_ 2 sin(kh+ ht) sin(kh_h‘) sin(kh_h_)
T Rt b (( T ke ) Po- 2—h———> (66)

where, again, the dispersion relation for the pointwise representation

(35) is employed. Thus

2k=y/1 = (k=h™)2/4

B k=1 = (k=h=)2/4 + k* /1 — (k*ht)2/4 (67

%o
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WA Similarly, the weighted-average representation (9) of the solution (56)
at the origin leads to

2 k- \/1 -)2/12

do =
° k=1 = (k- /12+k+\/1 (k+h+)2/12

(68)

HO Transmission for the higher-order representation with the parameter

defined in (15) is

- V1= (k=h=)2/6

( ( h-)%/12)
Po = A1 V1= (PR (69)

1—(k h- )/12) (1 — (k*h*)2/12)

EP The case that is non-dispersive in one dimension (13) may be treated
similarly. In this case the transmission is

sin(kh=)/(k~h")

2k~
_ 2 + cos(kh™)
%0 = _sin(kh™)/(k=h7) N o Sn(kRT) (k¥ RY) (70)
2 4 cos(kh™) 2 4 cos(kht)

Physical transmission depends on the ratio of the wave numbers. Nu-
merical solutions depend on this parameter and on the ratio of resolutions.
To find out which of the two parameters significantly effects the numerical
error in transmission consider the transmission error as a function of ratio of
resolutions for 6 grid points per wavelength to the left of the origin. This is
plotted for a ratio of the wave numbers equal to unity in Fig. 8 (top). Increas-
ing the ratio by one order of magnitude and by two yields the behavior shown
in Fig. 9. The difference between these plots is not significant indicating that
the error depends primarily on the ratio of resolutions. All the representa-
tions have the property that ¢o = ¢(0) if k*h* = k~h~. Again, superior
performance of the weighted-average representation and its enhancements is
evident.
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6 Local Truncation Error Analysis

The local truncation error is the residual left by substituting the exact solu-
tion in the discrete representation. In the following, sufficient differentiability
is assumed for all functions involved.

6.1 Uniform grids

Consider the one-dimensional constant-coefficient case on a uniform grid. For
the pointwise representation (3)

¢(zj+1) — 2¢(z;) + ¢(z;-1)

"= « +B(2,) + f(2,)
= e+ 18 (E) + s (87() + 6 (a)) + R26(x) + f(s)
= L) + O ()

where primes and superior Roman numerals indicate differentiation by the
argument. The second line is obtained by Taylor’s formula, where z;_; >
¢~ > zjand z; >zt > z,,1, and the third line, which follows from the fact
that ¢ satisfies the Helmholtz equation, indicates consistency. The pointwise
scheme is thus second-order accurate.

The weighted-average representation (6) is similar on uniform grids

¢(x;41) — 28(z;) + d(x;-1) yr ¢(zj41) +49(z;) + ¢(x;-1)

- h? 6 *
f(zi41) + 4 (2) + flzi-1)

_ (1 n (kg)"’) ¢(wji1) = 245’(;1) 9351 | jg(a) +
f(a) 4 L) - 2fgvj) + f(xj-1)

- _g¢=’v(xj) + O(hY) | (72)

The weighted-average scheme is also second-order accurate. This order of
accuracy is retained in the case of variable coefficients (7).
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For the improved representations (14)

- Hxjp1) — 2‘2(};;') + é(z;-1) L P(x41) + 4¢(6$j) + ¢(x;-1) n
f(@ipy2) + flz5) + flzj-172)
3

_ (l + ﬂ(’;h)2> ¢($j+1) '— 22(]‘::23) + ¢(‘rj"1) + k2¢(l‘]) +

f@ipap2) — 2f(x;) + fxj-12)
3

f(z;) +

(73)

Employing the definition of 3 that leads to the high-order representation (15)

yields
X

™= Sig (K¢ (es) = [ (25)/4) + O(R) (74)

justifying its name as a higher-order scheme. Note that if the source terms
were not represented appropriately there would be second-order terms in the
truncation error. The scheme that is dispersion-free in one dimension (13)
has a truncation error

h4
= 240

T (K* (g™ () + k¢"(x;)) = f(;)/4) + O(h®) (75)
If the fourth derivative of the source vanishes the method becomes six-order
accurate. Furthermore, the truncation error is zero when all the derivatives
of the source from fourth order and higher vanish.

6.2 Non-uniform grids

In analyzing method performance on non-uniform grids a change of variables
from physical space to computational space is often considered, so that the
grid is uniform in the latter [19]. The order of accuracy of some methods
on non-uniform grids may drop in physical space. Nevertheless, in computa-
tional space it remains unchanged from the order in the uniform case. To a
certain extent grid stretching should reflect variation of the solution. In this
case accuracy in computational space is representative of the situation. In
practice, however, grid variation is determined by geometric considerations
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as well. The following results are thus presented in physical space, which
describes the more general case.
For the pointwise representation (4)

¢(zj41) — d(z;)  olx;) — d(x;-1)) /hT + A7
h* h- 2
ht — k™ ) —hth™ + (h7)? .
3 12
1 +14 + —\4 - 2
- v _ v k : .
ht —h~ ht): —hth= + (A7) |
Mo ey L2 0 ey oy (1)
The pointwise scheme is indeed second-order accurate on uniform grids, but
may drop to first order in the non-uniform case.
Whether the scheme actually drops to first order or not depends on the
degree of grid stretching. If

+ k*¢(z;) + f(z;)

= )+

fl

Rt —h™ = O(h*Y),  p>0 (77)

the stretching is called algebraic [19]. With algebraic stretching the pointwise
scheme retains second-order accuracy. Otherwise the accuracy drops to first
order.

In contrast, for the weighted-average representation (8)

(¢(zj+,)—¢(mj) . ¢(wj)—¢<xj-1>) / AL

ht h= 2
A S
3 mt(d’(le)Jr ¢($;))+m( ¢(IJ)+¢($J—1))) +

1 ht h~
3 (m(f(zm) +2f(z;)) + m(fzf(fj) + f(xj—l)))

2 (ER*)2\ B(x11) — d(x;)
(et g
(1 + (k}:;)z) ﬂxj”;l__ Mmj)) + k2 d(x;) +

$w5)+ gy (U = ) + (S a5) = (a5-0)
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(A*)? —h*h™ 4+ (h7)?

- - - 8¥(a;) + O(K) (78)
first-order terms cancel out even on non-uniform grids so that second-order
accuracy is retained in any case. Again, these results apply to the case of
variable coefficients as well.

For the improved representations

- <¢(<vj+1)*¢(rj)_¢(rj)—¢(rj_1))//J‘*h++/3‘h‘ N
B - 2

ht h
(e et + 2000
b (26(es) + dlason)) 4
s (G ) + ()
+ mf—f—_@_—h_mm + 2f(:vj-1/z)))
e (1 A st e,
(14 2200 St ) g

2
1)+ 3w 5 he)

(8*h*(f(253172) = f(2))
+87h(f(z;) = f(z5-172)) (79)
For the definition of 3 that leads to the high-order representation (15)

(h* = h7)((h*)* + (R7)?)

;= m (k2¢m(ll"j) _ f”($1)/4) +
(h+)4 _ (h+)3h_ + (h+)2’;(g—) — h+(h—)3 + (k™) (kzqﬁi“(xj) _ fz'u(l,j)/[l) +

the truncation error is third-order accurate on non-uniform grids (and, of
course, fourth order in the uniform case).
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7 Conclusions

In this work finite difference methods for solving problems of time-harmoniec
acoustics are developed and analyzed. The well-known pointwise represen-
tation, egs. (3) and (19) in one and two dimensions, respectively, is second-
order accurate on uniform grids. However, accuracy may drop to first order
in the non-uniform case (4) unless sufficiently smooth grid stretching (77)
is employed. In multi-dimensional configurations the representation actually
improves the less aligned the propagation directions are with respect to the
grid.

A weighted-average representation, eqs. (6) and (21) in one and two di-
mensions, respectively, has the same asymptotic behavior on uniform grids,
but is less sensitive to low wave resolution and, more importantly, to di-
rection of propagation and transition in wave resolution (including material
interfaces). Performance in multi-dimensional configurations again improves
for propagation directions that are not aligned with the grid. In general,
anisotropy in numerical representation is reduced with increased wave reso-
lution. At lower resolution the weighted-average representation (21) is much
less anisotropic than the standard pointwise representation (19). Second-
order accuracy is retained on any non-uniform grid (8) at virtually no in-
crease in computational cost. These results hold for variable coefficients as
well.

Superior performance is attained by basing the schemes on a generalized
definition of the derivative (10) which incorporates a resolution-dependent
parameter. Improved schemes with higher-order accuracy are designed by
appropriate definition of the parameter (15), reducing spurious dispersion
and reflection. Defining the parameter for schemes which are, in some cases,
dispersion-free (13) leads to the same asymptotic behavior with improved
coarse grid accuracy. Source terms must be represented accordingly (14) so
as not to degrade the higher-order accuracy. These methods are, in general,
fourth-order accurate on uniform grids and third order in the non-uniform
case. The performance of these schemes in multi-dimensional configurations
is superior for any direction of propagation. Their performance improves
as propagation directions become aligned with the grid. In principle, grids
should thus be aligned with directions of propagation to the extent possible,
further enhancing the performance of these methods.

Schemes that exhibit higher-order behavior on uniform grids in all di-
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rections in two-dimensional configurations are derived on the basis of Padé
approximation and its generalization (22). The dispersion of these methods
(as well as their spurious reflection and transmission) along grid lines is iden-
tical to that of the higher-order method based on the generalized definition
of the derivative. Dispersion along grid diagonals is minimized by employing
~ = 2/5 which leads to (27). These methods are by far less anisotropic than
all other schemes. The value of ¥ = 14/5 leads to the stencil with the lowest
degree of anisotropy (28).

In general, wave resolution (kh) should be kept as even as possible through-
out the grid to minimize spurious reflection and transmission. Sensitivity to
these phenomena is greater on relatively coarse grids.
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